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INTRODUCTION 
Let F be the category of finite spectra, 9 the category of all spectra. 
A well-known theorem due to Brown [B] states that any homological 
functor in F is representable in $. Precisely let H: flop + (Abelian 
groups) be a “generalized cohomology theory” ( = homological functor), 
then there exists a spectrum 2~3 and an isomorphism of functors 
N 2 Hom( - ,8). The aim of this paper is to show that this should be used 
as a de~nition of 9 in terms of 5. Precisely, we begin with a slight 
generalization of the Brown Representability Theorem: 
LEMMA 2.1. Let .T be an arbitrary triangulated category. Every 
homological functor H: Fop -+ (Abelian groups) is a filtered direct limit of 
representable functors. 
Thus we can look at the category of homological functors on F, and ask 
whether it can be given the structure of a triangulated category, the idea 
being that a filtered colimit of triangles should be a triangle. In general, this 
cannot be done. This is due to the so-called phantom phenomena. They 
occur already in the motivating topological example above. Let W(S) be 
the category of homological functors on 5. Then there is a functor 
F: @ -+ W(F) which, by the Brown Representability Theorem, is surjective 
on objects. Almost from the definition of 9 one sees that F reflects 
isomorphisms and that it induces a bijection on equivalence classes of 
objects. But sadly, F is not faithful, at least not where F is the category of 
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finite spectra inside J B, the category of all spectra. The kernel of the 
function 
Horny (2, P) + Hom,(,,(F(&, F(E)) 
is often referred to as the phantom maps 8-t f. 
In this article we study necessary and sufficient conditions on F for 
which there is a phantomless extension 9. In other words, if a technical 
condition is satisfied, we can show that the category W(Y) has a 
triangulated structure. Section 2 contains the definitions. Sections 3,4, 
and 5 show that, starting from a Y satisfying the technical Condition 2.11, 
one can construct a triangulated structure on W(Y). Section 6 analyses 
Condition 2.11 more closely, and establishes that although phantomless 
triangulated categories are rare, there are some non-trivial examples. 
The conventional wisdom, stemming from the topologists, is that one 
cannot hope to define the category of all spectra from the category of finite 
spectra. All known constructions are very long, and pass through com- 
plicated closed model categories. The author would like to conjecture that 
it should be possible to avoid the closed model categories in between. 
There should be some structure on the homotopy category (the axioms of 
triangulated category as they now stand seem insufficient) that permits a 
direct construction of 9 from Y. This conjecture is made more precise in 
Section 7. 
What we have achieved in this paper is only a modest first step. The 
techniques are really quite incapable of handling phantom phenomena. But 
there are nevertheless two points of interest. 
(1) It seems very essential to use a new notion of triangulated 
categories, and the notion introduced in [N2] does not quite seem to 
suffice. In Section 1 we introduce a modified notion which works. Without 
the new axioms the obvious construction yields something which does not 
seem to satisfy the axioms of a triangulated category. 
(2) In the process of proving the theorem, we discovered that some 
of the new axioms for triangulated categories are redundant. Of most 
interest is the fact that the octahedral axiom GTRlO of [N2] is a formal 
consequence of the other axioms (see Lemma 5.1, which is actually slightly 
narrower than the statement I just made, but the reader will easily see that 
the same proof gives the slightly stronger result). The reader can imagine 
that this is of value. The octahedral axiom is highly difficult to verify 
directly; after all, its statement is rather complicated. 
Finally, I should explain that my interest in the problem stems from 
K-theory. It is possible to define a K-theory for triangulated categories (see 
[Nl]), but so far I have had difficulty in establishing that this K-theory 
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has all the expected functoriality properties. I originally studied the Brown 
Representability Theorem because I suspected that it might provide clues 
on how to modify the definition of triangulated categories to make them 
more workable. This turns out also to be the case. The right formalism for 
triangulated categories seems to be an axiomatisation of commutative sim- 
plices; and although there are such axiomatisations, for instance the filtered 
derived categories, or Keller’s formalism of towers of derived categories 
[K], the right formalism is still missing. This is also explained in Section 1. 
I suspect that the key to defining a good K-theory for triangulated 
category (one which satisfies a localisation theorem) is a good axiomatisa- 
tion of commutative simplices. As we will see in this article, the same 
problem arises when one tries to define a triangulated structure on 9. 
I should perhaps add that I can prove a localisation theorem for a 
K-theory that begins with the bifiltered derived category. But for good 
reasons one can say that this is undoubtedly the wrong K-theory to study. 
Finally, I thank Keller for his careful reading of the manuscript, for 
many helpful suggestions, as well as for correcting so many of my mistakes. 
1. NEWER VERSIONS OF TRIANGULATED CATEGORIES 
In [N2] we axiomatised the notion of good morphisms of triangles. The 
idea was that a morphism of triangles should be thought of as good if it 
arises naturally from a square in the closed model category. Thus a good 
morphism of triangles should be thought of a square in a closed model 
category, 
X”-Y 
4 lg 
x’ ui Y’ 
together with a homotopy H: X* Y’ measuring the non-commutativity of 
the square. 
Of course, we have to impose an equivalence relation on such squares; 
in [N2] we defined two squares to be equivalent if the induced morphisms 
of candidate triangles are equal. This gives a definition which is good for 
certain purposes, but nevertheless has severe limitations. The idea of this 
section is that one obtains an improvement by imposing a finer equivalence 
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relation; two squares should be equivalent if the homotopies differ by not 
too much. Precisely, given a square 
as above, two homotopies H: X=S Y’ and H’ : X=> Y’ are equivalent 
precisely if H’ - H: CX+ Y’, which is a morphism, may be expressed 
as H’-H=GoZu+u’oF, where F:ZX+X’ and G:CY+Y’ are 
morphisms in F-, and where F stands for the underlying triangulated 
category. 
Caution. Very carelessly, we have only defined the equivalence in the 
special case where f, g, U, and U’ are held fixed. Of course, we may replace 
f, g, U, and U’ by homotopic maps, as long as we change H to match. We 
leave the obvious definition to the reader. 
This definition is not as unnatural as would at first sight appear. The 
idea is to try to correctly describe, in an axiomatic fashion, what diagrams 
in F arise from commutative cubes in the closed model category. Given a 
cube in F 
commutativity should mean that the six homotopies which give the 
commutativity of the squares, i.e., the homotopies 
H:gou=u’of:X i Y 
H’:g’ou~u”of’:X i Y” 
H” : g” o uII - ulll of N :X”: yll 
H”’ : g”’ ou’~U”‘Of”‘:~‘~ Y"' 
F:f”‘of -f”,zf’:X XX”’ 
G: g"'o g ag”. g': Y i Y”’ 
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should all be compatible. This means precisely that the difference 
In any case, it is easy to show that D: CX+ Y”’ is a morphism (i.e., a 
“chain map”). The question is therefore whether this map vanishes. This 
question is of course not well defined. We can think of the homotopies H, 
H’, H”, and H” as given; they are the maps defining the rigidified triangle 
structure. But we have no right to regard F and G as given; their existence 
merely asserts that the corresponding squares are homotopy commutative. 
Thus the right condition to impose is that, up to varying the choices of F 
and G, D should be 0. Precisely, this means the identity 
for some chain maps F: CX + X”’ and G : CY --f Y”‘. 
Caution. The F and G above are maps, whereas earlier the same sym- 
bols were used for homotopies. The new F and G are simply perturbations 
of the old F and G, and by abuse of notation we have employed the same 
letter in two different capacities. 
Now if we let f’,f”‘, g’, and g’” be the identity morphisms (in particular, 
this implies X= X’, Y = Y”, x’ = x”‘, and Y’ = Y”‘), and we further set H’ 
and H”’ as the trivial homotopies, we discover that the natural ambiguity 
of H, in this case H” - H, is of the form G 0 Cu + U’ 0 F. 
The construction made above satisfies axioms very similar to the ones 
that appear in [N2]. Without giving too much detail, we will list the 
axioms. 
A triangulated category satisfying GTR’ is a pair (9, F), consisting of 
a triangulated category 5 and its category of triangles Y, together with a 
functor F: 9’ + CT(F), so that the following axioms are satisfied: 
(GTR’l) The categories Y and 9 are additive, and the functor 
f;: Y -+ CT(y) is an additive functor. 
(GTR’2) Every morphism in 9 can be completed to a triangle; given 
a morphism X-% Y, there exists an object S in 9’ with 
F(S)=X-‘--, Y”Z”ZX. 
(GTR*3) Every commutative square can be completed to a 
morphism of triangles. Given a commutative square 
X&Y 
u’ , ~ 
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together with two objects S, S’ in Y with 
F(S)=X-‘--* Y”ZdCX 
F(S’)=X’L J”“‘Z’“‘ZX’ 
then there exists a morphism in 9, S + S’, whose image via the functor F 
is an extension of the commutative square, i.e., a diagram of the form 
(GTR*4) (Turning the triangle) There exists a functor T: Y + Y 
which turns the triangle F(S) = X Y Y 4 Z* CX into the triangle 
F(T(S))= Ya Z- CX-z”- CY. 
(GTR*5) Every contractible triangle in CT(F) is in the image of F. 
(GTR*6) Given two objects S and S’ in Y, then F(S) and F(S’) are 
objects in CT(y) given respectively by the diagrams 
F(S)=X-ff+ YLZA,zX 
F(s’) = x’ 2 y’ & z’ & Zx’. 
Given a morphism in 9, S + S’, its image via F is a diagram 
Fix S and S’ as above. Fix f: X + X’ and g: Y + Y’. Write Hom(S, S’),, gI 
for the set of maps in 9’ S + S’ whose image under F has the special form 
X---!-L Y---JL ZA zx 
with the given f and g. Let 8 be the map 
0: Hom(X s’),,,, + Hom.,&W W’)). 
Then the image of 0 is, as in [N2], a principal homogeneous space for the 
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action of the group u’ 0 Hom(CX, Y‘) 0 W. The set Hom(S, S’),,; g) itself is a 
principal homogeneous space for the action of the group obtained as the 
cokernel of the map 
Hom(.ZX, X‘)@ Hom(ZY, Y’) + Hom(ZX, Y’). 
More succinctly, this means that there is an exact sequence 
Hom(EX, X’)@ Hom(.ZY, Y’) + Hom(CX, Y’) + Hom(S, S)Cf,gJ -+ 0. 
There is, of course, also a sequence 
HomfJX, x’)@Hom(ZY, Y’) + Hom(JX, Y’) -+ Hom,,(,,(F(S), F(S’)) 
which is in general not exact. The composite is zero, and the homology (in 
the middle of course) measures the failure of F to be a faithful functor. Of 
course, the drawback of the succinct approach is that we must remember 
that Hot-MS, S’),, nt is a set, not a group. The maps 
Hom(CX, Y’) --) Hom(S, S’),, g) 
HomGK Y’) -+ Hom..~,,(F(S), W’)) 
are only well defined after we choose a point in the principal homogeneous 
space, i.e., an isomorphism of the group with the set of maps in Y on 
which it acts freely and transitively. 
(GTR’7) (The mapping cone axiom) The construction of the map- 
ping cone (see [N2], Axiom GTR7) defines a functor from the category 
of morphisms of Y to the category 9 obtained from Y by forcing the 
projection F to be faithful. 
Remark 1.1. The category 9 then satisfies the axioms in [N2]. 
Remark 1.2. If either S of S’ is contractible, it easily follows from 
GTR26 that the map 0 is an isomorphism. 
If we denote the categories constructed in [N23 as being of type GTR’, 
then the mapping cone, as given by axiom GTR7, defines a map from 
GTR* categories to GTR’ categories. In general, there should be a sensible 
axiomatisation of GTR” categories, so that the mapping cone is a functor 
from GTR” + ’ categories to GTR” categories. It is even clear what this for- 
malism should begin with: GTR” should have as its basic building block an 
n + 1 simplex in the underlying closed model category, with a contractible 
choice of homotopies giving commutativity. Or, as we presented it here, 
one can work with cubes instead of simplices. 
Such constructions exist, of course. One can work with the filtered 
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derived categories, or with Keller’s towers of derived categories (see [K]). 
But I would like to believe that these are unnecessarily complicated. There 
is also a very practical reason for wanting a somewhat flabbier model for 
triangulated categories. In [N3] it is shown that the category of prime-to-2 
spectra can be enriched over the derived category D(Z) of the category of 
abelian groups. It is easy to see that the enriching cannot extend to the 
filtered derived category. In the filtered derived category one can realise 
simplicial objects, and functors form spectra to D(Z) which commute with 
the realisation that simplicial objects are necessarily trivial. 
2. HOMOL~GICAL FUNCTORS ON TRIANGULATED CATEGORIES 
Let r be a small triangulated category. (It suffices if r is equivalent to 
a small category. In the literature these are sometimes referred to as svelte 
categories.) Let d be an abelian category. A homological functor 
H: F”p -+ d will be a (contravariant) functor which takes triangles to 
long exact sequences; i.e., if X-+ Y -+ Z + CX is a triangle, then 
H(Z) -+ II( Y) -+ H(X) is exact in d. Perhaps it is more usual to call such 
functors cohomological, but the reader will forgive me for this small varia- 
tion from the standard terminology. We will be referring to such functors 
a great deal, and “cohomolo~~a~ is really quite a mouthful to keep 
repeating. 
LEMMA 2.1 (Brown Representability). Euery homologicai fkctor 
H: Fop -+ (Abelian Groups) is a filtered direct limit of representable 
functors. 
Proof: We define F/H to be the category whose objects are natural 
transformations tl: Hom( -, X) --f H, where Hom( -, ) is the representable 
functor. Morphisms in F/H are of course commutative triangles 
Homf -, X) 
Homi-3.0 
I 
\ 
H 
Hom( -, Y) 
/ 
It is completely standard that H = lirn,,, Hom( -, X). We will prove that 
F/H is filtered. By Yoneda’s lemma, each LX: Hom( -, X) + H corresponds 
to an element, which we also call tl in H(X). Thus we must show that the 
category of pairs (a, X) where X is an object of F and a E H(X) is filtered. 
But given two objects (a, X) and (p, Y), then because H(X@ Y)= 
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H(X)@ H( Y), there exists an element CL@/?E H(X@ Y) so that the pair 
(a@/% Xci3 Y) d ominates (a, X) and (& Y). And to give two morphisms 
(a, xl =t (/II, v) is to give two morphisms XI$ Y with the property that 
under the maps H(Y) 2 H(X), BE H( Y) goes to aoH( But then 
complete X .f- Y to a triangle X & Y -% 2 -+ XX, and because H 
is a homological functor, there exists a y E H(Z) with H/t(y) = fl. That is, 
there is a common successor in F/H: (cc, X) zt (8, Y) + (y, 2). 1 
Remark 2.2. Needless to say, the converse of Lemma 2.1 is also true. 
Any filtered direct limit of representable functors must be homological. 
After all, representable functors are homological, and filtered direct limits 
of exact sequences are exact. 
The Brown Representability Theorem usually appears in the literature as 
a statement about the triangulated category of finite spectra. And usually 
the statement is somewhat different from the one we gave; rather than 
expressing N as a filtered direct limit of representable functors in 5, the 
theorem begins with an embedding y 4 9, and the statement says that 
any homological functor N: .7 --f (Abelian groups) is representable in 9; 
there exists a natural isomorphism Hz Hom( -, z), where 8 is an object 
of 9”. Once again, if 9 is the category of finite spectra, 9 will usually be 
the category of all spectra. 
For the reader unfamiliar with the literature we will describe, largely 
without proof, how the usual statement of Brown representability may be 
deduced from ours. But instead of working with spectra we will choose for 
our illustration y=@‘(R) and $=D(R). Here R will be a ring, Db(R) 
will be the derived category of finite complexes of finitely generated 
R-projective modules, and D(R) the unbounded derived category of all 
R-modules. 
Caution. This definition of Db(R) is not the usual one; there is a 
finiteness and projectivity hypothesis made on the individual modules in 
the complex. It is more usual to refer to this as the category of perfect 
complexes. But the point we want to stress is that this is, in a very natural 
way, the right notion of the category of bounded objects in D(R). 
PROPOSITION 2.3. Given a homological fun&or H: Db(R)” --, (Abelian 
groups) there exists an object SE D(R) and an isomorphi~m Hz 
Hom( -, 8). 
Idea of Proof: Homotopy direct limits exist in D(R) (for a definition of 
homotopy limits in the countable case, see Lemma 6.1). By Lemma 2.1, 
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H= l&,, Homf -, Xi) where I is filtered. Form in D(R) the object 
2 = hocolim, , Xi, and then 
lhn~ Hom( Y, Xi) = Hom( Y, 2) 
for every object YE@‘(R). 
Let W(y) be the category of all homological functors H: Fop -+ 
(Abelian groups), with natural transfo~ations as morphisms. Then there 
is a natural forgetful map 
F: D(R) + W(Db(R)) 
given by F(8) = Homf -, 8). Proposition 2.3 (Brown representability) 
asserts that F is essentially surjective on objects; up to isomorphisms all 
objects HEW (@(R)) are in the image of F. 
DEFINITION 2.4. Let F 4 9 be an inclusion of triangulated categories. 
Then there is an induced map 
given by 
F(R) = Hom( -, 8). 
A morphism f: 2 + Y in 9 is called a ~~~n~o~ map if F(f) is zero. 
Remark 2.5. It is a sad but true fact that phantom maps almost always 
exist. The inclusion Db(R) 4 D(R) is only very rarely free of phantom 
maps. But nevertheless this inclusion has quite generally some very good 
properties, which we will summarize briefly, without proof, in the following 
proposition. 
PROPOSITION 2.6. Let R be a ring, Db(R) the bounded derived category 
of complexes of finitely generated projective R-modules, and D(R) the 
unbounded derived category of all R-modules. Then the following holds: 
(2.61) F: D(R) + ~(Db(R)~ induces a surjectjon 
F: Hom,&f, Y) + HomW(DbCRu(F$ FP). 
(2.6.2) If 9: F.? + Ff is an isomorphism, there exists by (2.6.1) a map 
f: 2 -+ p with F( j’) = tp. Any such f is an isomorphism. Such fun~tors F are 
referred to as epiva~ences in the literature. 
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The point of this article is that the Brown Representability Theorem 
should really be viewed as a definition of D(R) in terms of @‘(R). This is 
simplest in the case where there are no phantom maps; in this article we 
will restrict ourselves to this case. 
Let F be a triangulated category. Let 3 = W(F) be the category of 
homological functors and natural transformations. The question we will 
study is when can the category 9 be endowed with the structure of a 
triangulated category, in a way that extends the structure on F. Of course, 
when this can be done 9 will be phantomless, and we have to expect some 
condition on F. We will, in the course of this paper, find necessary and 
sufficient conditions (Condition 2.11, or the equivalent versions in 
Section 6). 
The idea is very simple; by Lemma 2.1 every object of 9 is a filtered 
direct limit of objects of F. It is natural to define the triangles in 9 to be 
the filtered direct limits of triangles in y. The main point of this paper is 
that, under suitable conditions on F-, 9 becomes a triangulated category 
(unfortunately, only in the sense of Grothendieck and Verdier, i.e., a GTRO- 
category). To do this right one is forced to work with the new notion of 
triangulated category introduced in Section 1. Thus, although F will be a 
GTR2-category, 9 is only GTR’. Then at the end of the article we will 
study the Condition 2.11 more closely, show that it is necessary, and say 
something about the (rare) cases in which it is satisfied. 
To keep the exposition simple we will treat only the simplest case, that 
is, of countable homological functors. The general case is little different in 
spirit, but the detail becomes clouded with cardinality considerations. We 
will prove: 
THEOREM 2.7. Let 5 be a small GTR2 triangulated category, and let 9’ 
be the category of triangles and good morphisms of Y. Suppose Y satisfies 
Condition 2.11. Let y”O c $ be the category of homological functors 
H: Pp + (Abelian groups) such that H= h, Hom( -, Xi), where Z is a 
countable filtered category (i.e., countably many morphisms). Then there 
exists a category p” of good triangles in g-“, and a faithful forgetful functor 
F: gW --+ CT(&“) satisfying the axioms of old triangulated categories, i.e., 
GTR’. Thus starting from a GTR’ category, the construction yields a GTR’ 
category. 
Remark. This phenomenon should continue; with suitable definitions, a 
GTR”+’ category should map to give a GTR” category. (We remind the 
reader that CT(@) is the category of candidate triangles in &“, i.e., chaim 
complexes X + Y + 2 + ZX.) 
The proof of Theorem 2.7 will occupy almost the entire remainder of this 
article. What we can easily do is give the definition of P’O and of the 
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functor F: Pm + CT(&‘). We will do it by de~ning a series of inte~ediate 
categories which come up naturally in the proof. 
DEFINITION 2.8. Let .E(sP, @@) be the enormous category whose 
objects are candidate triangles H + H’ -+ H” + CH in @‘“, together with a 
filtered countable category Z, a functor a: I-* Y, and an isomorphism 50 
The morphisms in E(Y, &@‘) are delined as follows. A morphism 
-+ (Z2, a2, cp2; Hz + Hi + Hl--, EH2) 
is first a fun&or (which we will also call p) p: I, + Z,, and a natural trans- 
formation (which, once again, goes by the name p) p: +x1 coop. 
Occasionally we will need to distinguish whether we think of E(Y, 9”) 
as a GTR2, a GTR’, or a GTR’ structure. On these occasions we will 
denote it respectively by E’(yl, gU), E’(SP, F’“), or EO(Y, ym). 
Caution. The reader should be cautioned about the double use of the 
letter F. In Definition 2.8 it stood for the structural functor of the new tri- 
angulated category 9, but we have also felt free to use it for the structural 
functor for the new triangulated category 9-O. 
DEFINITION 2.9. The category SS”(Y, 9’“) (for slightly smaller) is 
defined by inverting in E”(Y, ym) the morphisms which ought to be 
inverted. Precisely, a morphism 
~:fZ,,cx,,cp,;hT,~H;~H;~~H,) 
-+ (12, a2, fp2; H, + Hi + Hg + EH2) 
is invertible whenever the induced maps H, --) H,, Hi + ri’k, and Hf -P HJ; 
are isomorphisms. The number n above is of course 0, 1, or 2. 
DEFINITION 2.10. The category pw is the full subcategory of C7’(,@~) 
whose class of objects is the image of F. 
Condition 2.11. A triangulated category is said to satisfy Condition 2.11 
if, for every object (Z, TV, 9; H 
KE 9, the sequences 
-+ H’ + H” + CH) of E(9, 9) and every 
Hom(K, H) --f Hom(K, H’) + Hom(K, H”) 
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and 
Hom(H”, K) -+ Hom(H’, K) -+ Hom(H, K) 
are exact. 
Caution. Strictly speaking, we have not defined E(9,$). What we 
mean is the obvious uncountable analog of E(9’, y-“). 
Remark 2.12. Condition 2.11 is not always satisfied; it may be shown 
to be satisfied whenever 9 has a triangulated structure. Despite appear- 
ances to the contrary, the condition depends only on Y and not on Y; it 
may be shown equivalent to the vanishing of certain lim’ terms. 
We will only use the countable version; i.e., KE @” and (1, ~1, cp; 
H + H’ + H” + CH) is in E(Y, y-“). There is clearly an obvious inclusion 
functor F: pU + CT(@)). This is the functor for which we will prove 
Theorem 2.7. 
Finally, I should reassure the reader that the fact that Theorem 2.7 is 
proved here only for Z@ should not be viewed as serious; the triangulated 
structure may be extended to all of 9. One way is to define by transhnite 
induction ~8~ for all cardinals /I, in a way which closely parallels our 
construction of P. 
3. FIRST PROPERTIES 
To prove our Theorem 2.7, we will need to get a far better understanding 
of the quotient constructions in Definitions 2.9 and 2.10. In this section, we 
will deal with the first problem that arises: When do morphisms in 
E’(Y, 9”“) become equal in SS’(Y, @-)? We will prove: 
LEMMA 3.1. Two morphisms in E’(Y, SW) 
(ZI,crl,cpl,H,-,H;~H;~~H1) 
+ (12, ~2, ~2, Hz +H;-+H;+CH,) 
become equal in SS ‘(9, 9’“) if and only if their images in CT($““) are 
equal; i.e., the induced maps H, 3 H,, Hi + Hi, and H; 3 H; are 
equal. 
Actually, we will prove more. We will prove that for any two maps as 
above in E’(Y, L@) which induce equal morphisms in CT(3w), there is 
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a coflnal functor m I’ -+ I, so that the composites of p and 8 with the 
natural map 
(I’,a,o17,cp,,H,-,H;~H;-t~H,) 
-% (I,, al, cpl, H, +H;+H;+CH,) 
are homotopic, for a natural notion of homotopy of maps in E’(Y, 9”“). 
In most of this section, the fact that $‘O and Y arise somehow out of 
triangulated categories is completely irrelevant. Therefore we will begin by 
simplifying the notation through generalization. 
DEFINITION 3.2. Let Y be an additive category, B an additive category 
closed under the formation of countable filtered direct limits. Let F: Y --+ SB 
be an additive functor. We define E(Y, 2) to be the category of triads 
(I, a; A) where I is a countable filtered category, a: I + Y is a fun&or, and 
there is an isomorphism v, (suppressed in the notation) 9’: l&, Fn a 2 A. 
The definition of the morphisms is left to the reader. 
We will feel free to denote the forgetful functor E(sP, i&Y) --+&I by F, 
although F is also the functor Y --f a. 
DEFINITION 3.3. The category SS(Y’, W) is obtained from E(P, a) by 
inverting the morphisms p of E(Y, G$) for which F(p) is invertible. 
EXAMPLE 3.4. If F is a triangulated category @’ the category of all 
homological functors which are countable filtered direct limits of repre- 
sentable functors and Y is the category of triangles and good morphisms 
in .F, then there is a forgetful fun&or F: Y + CT(S) 4 CZ”(gLw), and the 
category E(Y, CT(gLw)) of munition 3.2 is the category E(Y’, &“) of 
munition 2.8. Similarly, SS(Y, CT($-)) of Definition 3.3 is merely 
SS(sP, 8”“) of Definition 2.9. 
DEFINITION 3.5. Let 
be two morphisms in E(9, a’). A homotopy p * 8 is 
(1) A natural transformation h between the functors 
, 
I h; J. 
7 
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(2) The following diagram in Y must commute for every object in I: 
DEFINITION 3.5’. It is worthwhile to consider the simple, special case 
where I= J = N, the ordered set of integers. The maps 
give in particular two increasing functions N s N, and maps 
/ 
B( p(n)) 
0) 
\ I 
&e(n)) 
A homotopy p * 8 requires in particular that for every n, p(n) < O(n), and 
the commutativity above. 
PROPOSITION 3.6. Let the maps (I, cl; A) s .I, p; B) be two homotopic 
maps in E(Y, 93). Then in SS(Y, 93) they become equal. 
Proof: Let 1 be the category 
Then there are two projections 
and it is trivial that if there is a homotopy from p to 13, then p and 8 factor 
as 
(3.6.1) 
So it suffices to prove that in (3.6.1), 17, and Z7* are maps in E(Y, 98) 
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which become the same in SS(Y, 98). But there is an obvious diagonal 
inclusion 
(J, P, B) & (Hom(l, J), bon,; B) 
and clearly n, o a = U2 0 a. As a is invertible in SS(Y, 99), it follows that 
in SS(9,29), 17, and l7* become equal. 1 
DEFINITION 3.7. A functor F: 9’ + 29 is called offinite type if for every 
object SE 9, F(s) is ZUinite; precisely, Hom,(F(s), -) commutes with 
filtered direct limits. 
EXAMPLE 3.8. If 9’ and W are as in Example 3.4, then F: Y + W is of 
finite type. The point is that F(s) is a candidate triangle in y X, 4 X2 
4 X3 W CX,. A morphism F(s) + B in k% is a map in CT(ym): 
Hom(-, Xl) L Hom( -, X2) 4 Hom(-, x3) 4 Hom( -, 2X,) 
011 
I 
a2 
I 
w 
I 
EmI 
I 
H u’ l H’ v’ ’ H” w’ + EH 
By Yoneda’s Lemma, such a diagram corresponds to three elements 
u, E H(X,), t12 E H’(X,), and aj E H”(X,) subject to the restrictions ~‘(a,) = 
H’(U)(Q), u’(ol,) = H”(v)(a,), and w’al = H(w)(cr,). Now the statement is 
really clear; if H=l&,.,, H,, H’=@,,, H;, and H”=k&,,,, Hi is a 
filtered direct limit of triangles, c1i E H(X,), a2 E H’(X,), and a3 E H”(X,) as 
above, there exists a 3, ~/i with LYE H,(X,), a2 E H;(X,), and a3 E HY’X,) 
satisfying the required identities. 
PROPOSITION 3.9. Suppose F: Y + a is faithful and of finite type. 
Suppose we are given two maps (I, cc; A) 3 (J, /?, B) in E(Y, W) such that 
F(P) 
A : B are equal. Then there exists a cofinal functor I’ -% Z so that the 
com$%ites 
are homotopic; i.e., there exists a map (I’, u 0 II; A) 5 (J, j?, B) and 
homotopies pII - Y, 8II =z- Y. 
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Idea of Proof: In the simple case, where Z= J= N, the proof would go 
as follows. Pick n E N. We have a commutative diamond, 
and hence, for some m >/ max(p(a), k?(n)), there is a factorisation 
For every n choose such an m, denoted by F(n), so that 
Y(n)< Y’fn+ 1). I 
Proof: Let (Z, cc; A) + (J, ~3, B) be given. Let c(Z+ J) be the category 
whose objects are quadruples (i, x, y, j) where i is an object of Z, j an object 
of J, and x: p(i) -+ j, y: O(i) + i are morphisms in J. A morphism in 
r(Z+ J) of the objects (i, X, y, j) + (i’, x’, y’, j’) is a pair of morphisms 
i + i’ in Z and j -+ j’ in J so that the diagrams 
Ai) - j Q(i) - j 
I I and I I 
di’) - j' O(P) - j' 
commute. Clearly there are forgetful functors <(I+ J) 3 Z and 
<(I+ J)> J. 
Consider next the full subcategory <‘(Z $$ J) of C(Z+ J) whose objects 
are (i, x, y, j) as above, where we further suppose that the composites 
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are equal. If the maps l&r, FOU I$ l&, Fo fl are equal (as assumed in the 
hypothesis of the lemma), then the diagram 
commutes, and then the fact that F is a finite functor and is faithful easily 
allows us to deduce that the forgetful functor 17, : t’(Zz$ J) + Z is cotinal. 
Now consider the composites 
Clearly, there are homotopies p 0 17, =S Y, 8 0 ZZ, =G. Y where Y = ZZ, is the 
map (5’U+ J), aon,, A)2 (J, B, B). i 
As a corollary of the proof of Proposition 3.9, we should observe also: 
~oPosrTroN 3.10. Given any two morphisms in E(Y, 98) of the form 
(Z, a, A) I!$ (J, p, 3) then there exists a cofiitat functor I’ 3 Z such that the 
two composites 
(Z’,ao~,A)~(Z,a;A) +(J,&B) 
have homotopies p 0 Zl=+ p’, 0 0 ZZ+ 8’ where p’ and 8’ agree at least as 
functors I’ + J. 
Proof: I’ may be taken to be {(I=!$ J) of the proof of Proposition 3.9, 
and 17: Z’ + Z is the projection ZZ, : t(ZG J) -+ Z. i 
Bernard 3.11. The important of Proposition 3.10 is that it permits us 
to add in SS(Y, B) any two morphisms (Z, a, A) + (J, P, B) in E(Y, 9). 
The point is that up to premultiplying by a map inducing an isomorphism 
in SS(Y, a) and homotopy, we may assume that the functors Zz$ J 
agree; but then of course we can add the natural transformations 
p: a(i) + /? 0 p(i) and 0: a(i) + /? 0 e(i), for the simple reason that p(i) and 
B(i) are the same object in J, and Y is an additive category. 
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4. THE MAIN LEMMA 
In this section we will prove the key lemma which permits the theorem 
to be proved. 
LEMMA 4.1 (Main Lemma). Let 5 be a GTR2 triangulated category, 9’ 
its category of triangles, and F Y + CT( Jr) the forgetful functor. Suppose 
Y satisfies Condition 2.11. Let E’(Y, 9’“) be as in Definition 3.8. Suppose 
S’ is an arbitrary object of E’(Y, y”“), and let F(S) be the candidate 
triangle H, --% Hi -% H;’ 3 H,. Suppose we are given a commutative 
square in 9’-O 
9 H, - H; 
Then there exists an object S in E’(Y, 3’“) and a morphism in E’(Y, F“‘) 
p: S+ S’ so that F(p) is the commutative diagram 
H,- Hi----+ Hi---+ CH,. 
9 02 9 
Moreover, the morphism may be chosen so that its mapping cone, in the sense 
of GTRl, is the image of an object of E’(Y, 9’“). 
Remark 4.2. Lemma 4.1 asserts both the existence of triangles, and the 
existence of morphisms between them. The lemma amounts to the real 
heart of the proof. What we have done so far is easy, and in the remainder 
of the article we will show that Theorem 2.7 is a formal consequence of 
Lemma 4.1. 
The proof of Lemma 4.1 will occupy the rest of this section. We will 
prove the lemma very gradually. 
LEMMA 4.3. Let H, Y Hi be a morphism in 3-O. It may be completed 
to a triangle. Here the statement is true, whether we interpret triangles as 
objects of E’(Y, p-“) or as objects of E2(Y, $-“). 
Proof H, -S Hi may be realized as a countable filtered direct limit of 
morphisms of representable functors. Thus there is a countable, filtered 
category Z and a functor a: I+ Hom(1, F) so that l&, Fo a = (H, + H’,). 
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Of course every object of Hom(1, 5) may be completed to a triangle, but 
the completion is non-functorial; there is no canonical choice for the 
morphism of the third edge. To get around this difficulty we observe that 
there is always a cofinal functor N + 1; after all, I is countable, so we can 
count the morphisms in I. Construct by induction on n E N an object i, E I 
so that i, dominates the first n morphisms in I and i, -+ i, -+ ... + i,_ 1. 
Thus we have in particular a morphism i, _ , -+ i,, and clearly the functor 
N + Z is cofinal. 
Of course, for the category N there are no compatibilities. For the 
functor LX N -+ Hom(1, y) complete every e(n) to a triangle in 9, and 
complete every mo~hism c~(n) + a(n + 1) to a good morphism of triangles. 
Then we get a functor, which we will also call a, a: N + 9, and 
(N, a; UN Foa) is an object of E(9’, pa) which projects to a candidate 
triangle H, -5 H’, + H; -+ CH,. 1 
LEMMA 4.4. Su~Fose in boo 4.1 the ~unctor H, = Hom( -, X) is 
representobIe. Then the concussion of Lemma 4.1 is true (i.e., any square of 
the form 
Hom(-, X)=H, ------+ H; 
I I 
H2 - H; 
can be completed to a morphism of triangles). It is evepl true that if the S’ 
of Lemma 4.1 is interpreted as an object of E2(Y, g”“), we can fmd p and 
S in E’(Y, &“). 
Proof: Let SE E(Y, @‘) be the object (1, a, cp, Hz -+ Hi --+ Hz + 
CH,). Thus in particular 9 gives an isomorphism 
l& Hom( -, YJ -hHom(-, Y,!) 
I 
iii 
I 
ip 
H2 l H; 
where Fa(i) is the candidate triangle in y Yi -+ Y: + Y:’ -+ 2’Yi. 
It is of course trivial (see Lemma 4.3) that Z may be replaced by N, and 
if we replace Z by a cohnal subsequence, we may even assume that the 
square 
Homf-,A’)-----+ Hi 
I I 
(4.4.1) 
H2 -H; 
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can be represented as a colimit over N; i.e., there exists a sequence of 
commutative squares 
Hom( -, X) - Hom(-, X;) 
I I (4.4.2) 
Hom( -, Y,) - Hom(-, Y;) 
such that the direct limit of (4.4.2) is (4.4.1). 
For every i we have a morphism in F X + Xi. Complete it to a triangle; 
i.e., choose in 9’ an object /l(i) completing it to a triangle. As observed in 
Lemma 4.4, the squares 
can be completed to a morphism of triangles /l(i) + /l(i + 1 ), and similarly 
the squares 
x - x; 
I I 
Yi - Y; 
can be completed to morphisms of triangles /3(i) + a(i). Then, of course, 
there results a non-commutative square 
P(i) 4(i) , a(i) 
I 
4 
B(i+ 1) )(i+lj a(i+ 1) 
whichd cay be interpreted so; there are two morphisms of triangles 
j?(i) &; a(i+ 1) which induce in CT(y) the maps 
1 SE 
and therefore, by axiom GTR2, there exists 8: CX + Y:, 1 “measuring” the 
PHANTOMLESS TRIANGULATED CATEGORIES 139 
difference. In particular, replacing $(i + 1) by &i + 1) + u’SW, we can 
obtain a commutative diagram 
B(i)- 49 
I I 
/?(i+ 1) - cY(i+ 1) 
And thus we get in E(Y, 9”“) a morphism 
(N, /?, q,, H, -, H; -, H;’ -, CH,) + (Z, tl, cp, H, + H; -, H; -+ LH,) 
provided, of course, H, = Hom( -, X) is representable. The proof as we 
gave it gives a morphism in E ‘(57, g-“). But the reader will easily verify 
that there is no difficulty in proving an E’(Y, Tm) analogue. 1 
Remark 4.5. The reader will notice that until now Condition 2.11 was 
not used at all. This is about to change dramatically. 
LEMMA 4.6. Let us be given two morphisms of objects in E*(Y, 9”“) 
and suppose that after applying the functor F, we obtain a diagram in 
CT(+‘): 
H,- H;- H;- ZH, 
u2 02 w 
Then, at least if H, = Hom( -, X) is representable, the difference 
p - 8: H; + H; factors as v20w, for 0: CH, -+ Hi. 
Proof It is easy to construct a triangle in E’(Y, gm) which is the map- 
ping cone on the difference p - 0 (a little care is needed, but replacing p 
and 8 by homotopic maps, this difference may be realised, see Section 3). 
We will denote this mapping cone by C(p-0). Now F(C(p-8)) is the 
candidate triangle in CT(@‘): 
(“d -,“-I. 1 
H,@Z-‘H; “2, H;@H, 
c”d ” ) 
d H;@H; 
(,‘T, -“,,I 
* CH,@H; 
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But in @ we have a commutative square 
and because HI is representable, this may be completed to a morphism in 
E’(Y, 9”“) by Lemma 4.4. We get a morphism 
H, - Hi-------R-ECH, 
I I I I 
H,@.rlH;I - H;@H, ----+H;@H;- Z-H, @Hi 
We can compose with the projection in E’(Y, @‘) 
H,@PH; - H;@H,- H;@ZZH; - 
I 
XH, 0 H; 
I I I 
H,-----+ H; -H;-EH 1 
to get a morphism in E(9’, .@“f 
H, - H; - H;’ - XH, 
and the Memma permits us to deduce that the map R--t H; is an 
isomorphism. Thus we obtain a map j?= HI’-% Hi, such that aov, =0 
and v2 0 a = p - 8. Of course Condition 2.11 assures us that then a factors 
as 8 0 wl. That is, there exists 8: zlfi, + H; as required. g 
LEMMA 47. Let H--f H’ be an arbitary morphism in A@. Then it may be 
expressed as the limit of a sequence H -+ H’ = lim,, N (H--f HL) where 
H+ HA may be completed to an object in E2(Y, fW) (Zn,a,, q,,, 
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H + Hk + Hz + CH) where the Hi are representable. Moreover, one may 
almost complete the morphism 
H- H,: 
I I 
H-H;+, 
to a morphism in E2(Y, 9;“). Precisely, there are morphisms 
and k, may be chosen to be the map induced by a cofinal functor J,, + I,,. 
Proof By Lemma 4.3, H + H’ may be completed to an object of 
E*(Y: #‘“) (N, a, cp, H+H’+H”+CH). But then H” = l&, N Horn(-) X,). 
By Lemma 4.4, the commutative square 
Hom( -, 27’X,) ----+ H 
I I 
C-‘H”- H 
may be completed to a morphism in E*(Y, 9”“) 
----+ Hom( -, .Z-‘X,) - H - H,- 
I I I 
- C-‘H”- H- H’- 
(here, by abuse of notation, we suppress all the other structures that are 
carried by a morphism in E*(Y, $““).) Of course, given the completion of 
the rows to objects in E*(Y, gW), the commutative square 
Hom( -, C-lx,) - H 
I I 
Hom(-,Z-‘X,,,) - H 
need not have a completion in E*(Y, FU). But this is only a technical 
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point. There is an object in E*(Y, FW) whose image under F is the 
candidate triangle 
(that is, the direct sum of the two objects). And then the commutative 
square 
Hom( -, CP’X,) ‘H 
I 
A A 
I 
Hom(-, ~~‘(~,O~,+,)) - H@H 
may, by Lemma 4.4, be completed to a morphism of objects in E*(Y, 9’“). 
Thus we have a map in CT(gW) 
- Hom(-, C-lx,,) - H - R,,- 
I I 
A I - Hom(-, ~-‘(X,OX,+,)) -H@H- W,OfC,+ I- 
As in the proof of Lemma 4.6, it is easy to prove that ETi, -+ Hk is an 
isomorphism, and thus we have a map HL = R,, -+ HA+ r, making the 
diagram 
H-H;- Hom(-, x,,) 
II I 
H- %+I - Hom(-, Jf,+,) 
commute. 
But of course there is no reason to expect the triangle 
to commute. The failure to commute is the difference between two maps in 
P(Y, P), 
-Hom(-,Z-‘X,)-H-H,- 
I I ii 
- C-‘H”- H- H’- 
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and by Lemma 4.6 there is a map 8: Hom( -, .Xx,) --, H measuring the 
difference. If we change the map 27: + Hi + , by u, + , @SW,, then we obtain 
an honest commutative triangle 
W,- Hi,,, 
\J 
H’ 
for each n. Now we have a map 
and we know by our choice that H;i = Hom( -, X,) with lint H,” = H”. 
Thus bM H = H, lim. Ni = H”, and an easy application of the 5-lemma 
implies lick HL = H’. 1 
LEMMA 4.8. Let Y be a new triangulated,category, Y its category of 
triangles. Suppose S and S’ are two objects of Y, and CI and fi are two maps 
F(S) $ F(S) in CT(F). Suppose u and /I are homotopic; i.e., there exist 
maps G, H, K 
F(S)= X “yY”-JLzx 
with CI - @ being the triple (Gu + C- ‘(w’ 0 K), Hv + u’G, Kw + v/H). Then c1 
is good if and only zy fi is good. That is, maps homotopie to good maps are 
good. 
Proof: The category Y is assumed additive; it therefore s&ices to 
prove that c1 -/I is good. But D! - fi factors through the contradictible 
triangle which is the mapping cone on the identity 1: S + S. And every map 
in or out of a contractible triangle is good. 1 
LEMMA 4.9. Let p be a morphism in E’(Y, 9”‘) or E’(Y, pa) 
p:(Z,u,rp,;H,-rH;-+H;-,~HI)-).(J,p,(p2;H2-,H;-tH;~TH2) 
and suppose G: Hi --, HZ, H: H; --+ Hi, and K CH, + H;’ are given. Then 
up to replacing Z by a cofinal category and p by a homotopic map in the 
sense o~~e~n~tion 3.5, there is a map 8: (Z, 01, qpl ; H, + Hi ---r H; -+ 2.YH,) -+ 
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(J, @, cpz; H, + Hi -+ Hi -+ CH,) such that the difference p - 6 corresponds 
to the chain homotopy (G, H, K), as in Lemma 4.8. 
Proof: This is trivial consequence of Lemma 4.8. 1 
LEMMA 4.10. Let us be given two morph~sms in E’(Y, k@) whose 
images under F in CT(p”O) is the diagram 
then there exists a map G: Hom( -, X) + Hi such that g - g’ = Go v, and 
h-h’=v20G. 
Proof: First observe that w20 (h- h’) =O. By Condition 2.11 this 
implies that there exists G,: Hom( -, X) + H; with v2 0 G, = h - h’. By 
Lemma 4.9 applied to the homotopy (0, G,, 0) we have that up to taking 
cofinal functors and homotopy, there is a map in E(,Y’, FW) which induces 
the triad (f, g”, h’) in C7’(pW), where g” = g-G, 0 v,. But now we have 
two maps in E(Y, p”‘) which under F map to 
H, ------+ H; - Horn{ -, X) 
li ~“11 g, h,l 
H, ------+ H; - H; 
and therefore by Lemma 4.6 there exists 0: Hom( -, X) + H, with 
g” - g’ = uzOv, . Replacing G, by G = G, + u2 0 0, we obtain the required 
relations: Govl=g-g’, u,oG=h-h’. 1 
LEMMA 4.11. Given two morphisms in E*(SP, Z@‘) which, after applying 
the functor F, yields in CT(&“) the diagram 
then there exists a map 0: .ZH1 + Hi with h - h’ = vz Ow, . 
Proof: Applying Lemma 4.10, we get that there exists G: Hom( -, X) + 
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Hi with G 0 u, = 0, u2 o G = h - h’. But Condition 2.11 assures that G 0 v, = 0 
implies the existence of a 0 with G = Ow,. Thus h - h’ = v,Ow,. [ 
Proof of Lemma 4.1. We are finally in a position to prove our key 
lemma in full generality. Let S’ be an object of E’(Y’, 9’“) with F( s’) being 
the diagram 
and let 
H, - H; 
I I 
H, - H; 
be a commutative square in F”O. We need to extend this to a morphism in 
E’(Y, @‘), whose mapping cone is a triangle. 
We begin by lifting S’ to an object of E*(Y, 9”“). 
By Lemma 4.7 we may express H, + Hi as l&r. H, + (Hi),, where 
Hom( -, C-‘A’,) + H, + (Hi), + Hom( -, X,) are images of objects in 
E*(Y, gU). In the proof we showed in fact that up to taking cotinal 
functors and homotopies, there are comparison maps 
- Hom(-,C-‘X,) -Hi - (H;), - 
I I I 
-Hom(-,C-lx,+,)- H,- (Hi+1 - 
and the direct limit is in fact an object of E(Y, y’“) which has in CT@“) 
the image + F’H” + H, + Hi + H”. 
It follows from the diagram 
Hom( -, Z-‘X,) - H, - (Hi), 
I I I 
C-‘H” - H, - H; 
I I 
H,- H; 
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that the composite 
Hom( -, JF’X,) ---+H, 
I 
H, - H; 
is zero. By Condition 2.11, there is therefore a commutative square 
Hom( -, Z-IX,,) - H, 
Z-‘H; A H 2 
And, up to cofinal functors and homotopies, this gives by Lemma 4.4 a 
map in E(9’, yw) 
Hom( -, ZP’X,) - HI - w;hl 
F2h, 
I 
f 
I 
&I 
I 
Z-‘H; - Hz - H; 
Of course, there is absolutely no reason to expect any compatibility; in 
general the diagram 
(*I 
will not commute. However, because the two composites 
H, - W;), - H’, 
are equal, it follows from Condition 2.11 that the non-commutativity of the 
diagram (*) is measured by a morphism 
(Hi), --+ Hom( -, X,) 2 H; 
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and the point is precisely that if we replace (f, g,, h,) by (f, g, + Gu, 
h, + UC) then in fact we may assume the commutativity of (*). 
Thus we may assume that for every n we have a morphism in E(Y, $Lg) 
which projects under F to a morphism 
H, - (fc), - Hom( -, X,) - 22, 
i I’ I I 
H,- H; - H; - CH, 
and where at least the diagrams 
(Hi 1, - (H;),+ 1 
all commute. Of course, there is no reason for the diagram 
Hom( -, X,) - I-ION-, x,+,1 
to commute. But now by Lemma 4.11 the difference is of the form u&v 
where 8: ZH, -+ Hi is a map, and if we change Hom( -, X,,, 1) + Hz by 
U@W for that 8, we can get genuine commutativity. 
At this point we should be finished; at least in CT(y-) we get a map 
lim H, -----+ (Hi),, - ~ , , Hom(~Jd-~[ 
Hz-----+ H; - H;- LHz. 
The first di~~ulty is that this map cannot be lifted to E’fY, &“), On that 
level we cannot expect the various triangles to commute. But the reader 
can nevertheless verify, that with an adroit choice (which may require 
modifying by maps ZH, --f Hi) one can obtain that the induced sequence 
of maps on the mapping cone are morphisms in E’(9, @‘), and hence the 
mapping cone of the limit is an object of E ’ (9, z@). The reader may also 
be disturbed by the fact that we have freely allowed ourselves to replace 
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maps in E(Y, 9”“) by homotopic maps on colinal subcategories. This turns 
out to present no difficulties. Each candidate triangle 
H, + (Hi), -+ Hom( -, X,,) + CH, (**I 
comes together with a sequence S: of objects of Y, and an isomorphism of 
(**) with UN F(sL). It is easy to show that the countable category of 
sequences si: + s: + ... --+ s,” of (n - 1)-tuples of morphisms in Y lying 
over 
H, - (Hi), - Hom(-,X,)-ZH, 
I I I I 
H, - (W),- Hom( -, X,) - CH, 
I I I I 
f-f, - W;)n---+ Hom( -, x,J -+ CH, 
is filtered, and has the right colimit. 1 
5. PROOF OF THEOREM 2.7 
We need to show that if (9, F) satisfy Condition 2.11, then 9-O has the 
structure of a triangulated category. We define the triangles in 9”’ to be 
the image in CT(@) of E(9’, ym). Then Axioms TRl, TR2, and TR3 are 
either trivial, or follow immediately from Lemma 4.1. It remains to prove 
the octahedral axiom TR4. We prove: 
LEMMA 5.1. Let F be an additive category satisfying TR1, TR3, and a 
slight sharpening of TR2. Then TR4 is also satisfied. 
5.2 (TR2’). A category satisfies TR2’, which is to be viewed as a slight 
sharpening of TR2, if every commutative square can be completed to a 
morphism of triangles with a triangle as mapping cone. 
Remark 5.3. Lemma 4.1 in fact says that &“O satisfies TR2’. 
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Idea of the Proof of Lemma 5.1. Given a commutative triangle 
then we may, by using the results of Section 4 in [NZ], complete first to 
a simplex 
y’ - y” 
T T 
x’-x” 
T T 
x-o 
and then we may further complete this to a simplex 
I T T 
x’-----+x”- 0 
i T 
x-o 
and a moments thought will convince the reader that this is precisely the 
octahedron. i 
Proof of Lemma 5.1. Beginning with the commutative square 
x-x 
II I 
x- Y’ 
we can complete to a morphism of triangles whose mapping cone is a 
triangle. It follows, as in [N2, Sect. 41 that 
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is a triangle. But then beginning with the commutative square 
one may also complete it to a morphism of triangles with a triangle as 
mapping cone. The rest is trivial. 1 
6. THE NECESSITY OF CONDITION 2.11 
Let 5 be a triangulated category. If the pair (9’,9’) satisfies Condi- 
tion 2.11, we were able to construct a triangulated structure z?‘~ on the 
category + of certain homological functors on ;47. In this section we 
will analyse this Condition 2.11 and see that it is necessary in a very 
strong sense, and is really quite independent of the choice of a rigidifying 
structure Y. 
In the rest of this section F will be an (old) triangulated category, 
9~ 8 will be the inclusion of 5 in another old triangulated category. 
$ will be assumed to contain all countable direct sums, and F will be 
assumed bounded in &; i.e., for any X E 9, and a family ( Y, > of objects 
in @‘, Hom(X, @ Y,) = @ Hom(X, Y,). We will further assume that there 
are no phantom maps in @. One good example to keep in mind is F a 
new triangulated category as in Sections 14, satisfying Condition 2.11, and 
y=@’ the category of countable filtered direct limits of representable 
functors. 
LEMMA 6.1. Let Y, + Y, -+ ... be a sequence of objects and morphisms 
in 9. Let Y= hocolim Y,, i.e., the third edge in the triangle in 9; 
@ Yi5 @ yj- Y-Z @Yj 
( > 
then for any XE F-, Hom(X, Y) = l& Hom(X, Yi). 
Proof There is an exact sequence: 
HomK 0 YJ L-Jhift Hom(X, @ Y,) -Horn@', Y)----+ Hom(X, 0 ZY,) 
I 
I-shift 
HomfX, @ ZY,) 
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But because X is assumed bounded in 9, Hom(X, @ Yi) = @ Hom(X, Yi), 
and the morphism (l-shift): 0 Hom(X, Yi) -+ @ Hom(X, Yi) is inje~$v$. 
Thus we get a short exact sequence 0 -+ Hom(X, @ Yi) -----+ 
Hom(X, @ Yi) --t Hom(X, Y) + 0 which is what we want. 1 
LEMMA 6.2. Let X, -+ X, + ... be a sequence of objects of F. Let Y in 
p be arbitrary. Then there is a short exact sequence 
0 - Horn{& Y) - fl HomW,, Y) s n Hom(Xj, Y) ----+ 0, 
I I 
where X= hocolim(Xi) is the homotopy colimit, as in Lemma 6.1. 
Proof. There is a triangle 
and a long exact sequence 
Hom(z(@ xi), Y) -+Hom(X, Y)-+Hom( @ Xi, Y) 
-Hom(@Xi, Y). 
Choose a map q r~Horn(C@X~, Y) and consider the induces map on X. 
Let 2 be an arbitrary object of F-. By Lemma 6.1, any map 2 --, X factors 
through X, for some n. But the composite X, -+ X -+ Z @ Xj “P, Y is the 
zero map. Thus the map X + Y is a phantom map; it vanishes on all 
objects of F. By hypothesis, there are no non-zero phantom maps; thus we 
have proved that the differential 
Hom(ZO Xi, Y) + Hom(X, Y) 
is zero, and hence our short exact sequence. 1 
In particular, we deduce: 
~OPOSITION 6.3. h?t xl +X2 -+ . -. and Y, -+ y2 + . . . be arbitrary 
sequences in I. Then the sequence 
A j = & Hom(X,, Yj) 
is an inverse sequence; i.e., there are maps Ai+ I + A,, and lim’(A,) = 0. 
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Proof: Apply Lemma 6.2 with Y = hocolim( Yi). l 
Remark 6.4. It immediately follows that the countable version of 
Condition 2.11 holds for any choice of rigidifying structure Y on F. 
Condition 2.11 asserts that the inverse limits of certain exact sequences are 
exact. The vanishing of all lim’ terms is of course stronger. 
If the category 9 has countable products as well as countable sums, we 
can simplify Condition 2.11 even further. 
LEMMA 6.5. Let @ have countable direct products. Then the map 
tl: @ Xi--t n x, 
131 i3 I 
is a split monomorphism, for any sequence (X, ) of objects of 9. 
Proof: Completing 0L to a triangle, we get ei, t Xi * ni, I Xi --+ 
Y --% Z: @ i a r Xi. The point is that /3 is a phantom map; for any Z E F we 
have an exact sequence 
Horn@, Y) - Hom(Z, z Oi Xi) - 
II 
Ho-(ZJ(~%)) 
II 
@ Hom(Z, z;Y,) - n Hom(Z, IX,) 
and clearly, Ctx is injective. Thus fi is zero, and a is a split injection. 1 
PROFQSITION 6.6. Suppose that X, + X, + . . . and Y, + Y, + . . . are 
arbitrary sequences in Y. Suppose that the map @ Yi -+ n Yj is split, and 
that for every fixed j the sequence A,= Hom(Xj, Y,) has iim,’ A,= 0. Then 
for Ai=l&(Xj, Y,), iimf Ai=O. 
ProoJ There is a commutative diagram with exact rows, where 
Y = hocolim( Y,) 
0 -.---+ n HornbY,, 0 Y,) - l-j Ho@‘,, 0 Y,) - n Horn@‘,, Y) - 0 
B 
I ’ I 
B 
i I 
Y 
0 - n HomU’,, 8 Y,) - fl Hom(X,, 0 Yj) ----+ r]! Hom(X,, Y) - 0 
The cokernel of y is precisely lim’ Ai. By the snake lemma, it will 
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immediately vanish if coker p =O. But because a: @ Yj -+ n Yi is a split 
inclusion, it suffices to show that the natural map 
n Hom(Xi, Yj) ’ + n Hom(Xi, Y,) 
i.J i, J 
is surjective, but this map is simply the product over j of the maps 
l-shift = /?, 
n HomW,, Yj) ” b n Hom(X,, Y,). 
I I 
Hence the vanishing of lim’ A, implies the vanishing of lim’ A,. 1 
Thus one gets the following condition: 
Condition 2.11’. y is said to satisfy Condition 2.11’ if 
(2.1 I’.1 ) In the category of homological functors over y-, the map 
@ Hom( -, Yi) -+ n Hom( -, Yi) 
ial itl 
is split injective for any countable index set I. 
(2.11’.2) For any YE y and any sequence X, + X, + . . . of objects 
of y-, 
lim’ Hom(X,, Y)) = 0. 
The point of Lemma 6.6 is that Condition 2.11’ implies Condition 2.11, 
while Lemma 6.5 shows that it is almost equivalent. 
By now it should be very clear that phantomless triangulated categories 
are rare. However, Condition 2.11’ can be used to construct non-trivial 
ones. 
LEMMA 6.7. Let R be a ring of projective dimension 1. Let XE D(R). 
Then X = @ r Z’H-‘(X) (i.e., X is the direct sum of its cohomology groups). 
ProoJ Let 0 + A + B + H-‘(X) -+ 0 a projective resolution for 
H-‘(X). (It exists because the projective dimension is 1). There is a map 
Z’B + X which in ( - r) th homology induces 
B= H-‘(Z’B) + H-‘(X). 
Of course, the composite 
Z’A+Z’B+ X 
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is the zero map, because A is projective and the induced map on homology 
is zero. Therefore the map C’B -+ X factors through the third edge of the 
triangle 
~rA-t~‘B~~‘H-‘(X)-+);‘+‘A 
and we deduce a map .TH-‘(X) +X inducing an isomorphism on H-‘. 
Thus the map et3, T’(X) + X is an isomorphism on all homology 
groups, hence an isomorphism in L)(R). 1 
Remark 6.8. A ring of projective dimension 1 has also injective 
dimension 1, and it follows by duality that we have an isomorphism 
X= n, L”H-‘(/I’). Of course, the reader will observe that the map 
@ C’H-‘(X) --+ n L”H-‘(if) 
r r 
is a homology isomorphism, hence an isomorphism in D(R). 
EXAMPLE 6.9. Let k be a field. Let R be a linite dimensional k-algebra 
of projective dimension 1, with only finitely many isomorphism classes of 
indecomposable linite modules. Then the inclusion D*(R) 4 D(R) is 
phantomless. 
Proof: We verify Condition 2.11’. Part (2.11’.2) is immediate, because 
the Hom(Xi, Y) are finite dimensional vector spaces over k and therefore 
satisfy a Mittag-Lefller condition. Part (2.11’.1) can be checked as follows. 
By Lemma 6.7 and Remark 6.8 we are reduced to showing that if Aitz 1)(R) 
are modules concentrated in degree 0, then the inclusion 0 Ai -+ n Ai is 
split; i.e., it is a statement about ordinary modules, not chain complexes. 
Because there are only finitely many indecomposables, we can reduce to 
the case where Aj= Qzi Z, where Z is a given indecomposable. Thus 
Aj = ZQk Vi where ‘vi is a vector space. We are reduced to showing that the 
inclusion 
ZQk @ vj)+zQk IJ vi 
( ( > 
is split, and this follows from the splitting as vector spaces of the inclusion 
7. CONJECTLRES 
It would be interesting to eliminate the phantomless hypothesis 
(Condition 2.11). To do this it is probably necessary to begin by changing 
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the notion of triangulated categories. I strongly suspect that the current 
axioms will not allow one to handle phantom phenomena. 
There is, of course, a natural place to look for a remedy. If we consider 
the space of maps Hom(X, Y) instead of the groups of maps, then 
Hom(hocolim Xi, hocolim Yj) will be (if these could be properly defined) 
holim i hocolimj Hom( Xi, Yj). To handle all triangulated categories 
uniformly the space Hom(X, Y) should probably be considered an element 
of D(Z). Thus an appropriate notion for triangulated categories is 
undoubtedly a category enriched over D(Z), satisfying some axioms. 
It is therefore interesting to observe (see [N3]) that the category of 
spectra can be enriched over D(Z); this turns out to be equivalent to 
showing that the functor sending a space to its stable homotopy groups 
may be lifted to a triangulated functor. 
Of course, if all this is true, then the process can be iterated. It should 
be possible to complete every small triangulated category, then complete 
the completion (after increasing the universe, when necessary) and so on. 
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